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Nomenclature

→
A Magnetic potential vector
A Work function of the electrode materials
Aeff Effective work function of the electrode 

materials
Aj Richardson’s constant
∆A Schottky correction to the work function
a Stefan–Boltzmann constant
→ → →
= ∇×B A Magnetic field

→
Ce Average thermal speed of electrons

 C i,2 em Dimensionless variable for sheath calculation
Damb Ambipolar diffusion coefficient of ion
De Electron diffusion coefficient

Ec Electric field strength at the cathode surface

Ėel Rate of electron energy loss per unit volume 
due to elastic collisions with heavy particles

Ei Ionization energy for argon gas
G Saha function
→
j  Current density vector
jbd Electric current delivered by back-diffusion 

plasma electrons
jem Thermionic emission current
ji Electric current delivered to the cathode sur-

face by ions
js Electric current density at the cathode surface

kB Boltzmann’s constant
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Abstract
In this paper, a numerical calculation is performed for the purpose of estimating the thermal 
and electrical influences from bulk plasma in cathode heating modeling, in other words 
researching the necessity of a coupling bulk plasma in near-cathode layer modeling. The 
proposed model applied in the present work is an improved one from previous work.

In this model, the near-cathode region is divided into two parts: the sheath and the 
ionization layer. The Schottky effect at the cathode surface is considered based on the analytic 
solution of a 1D sheath model. It is noted that the arc column is calculated simultaneously in 
the near-cathode region and the cathode bulk. An application is presented for an atmospheric 
free burning argon arc with arc currents of 50 A–600 A.

The modeling results show three interesting points: (1) at the cathode surface, energy 
transport due to heat conduction of heavy particles and electrons is comparable to total heating 
flux, no matter whether the arc discharge is performed in a high (400 A) or low current  
(50 A) situation; (2) the electrical influence from bulk plasma on the cathode heating modeling 
becomes obvious in a high current situation (>400 A) for the spot mode; (3) the near-cathode 
layer voltage drop (Utot) is larger in the diffuse mode than in the spot mode for the same 
current, which is just the opposite to that for decoupled modeling.

Keywords: arc-cathode interaction, spot mode, diffuse mode, arc discharge
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ka, ki, ke and kr Thermal conductivity of atoms, ions, elec-
trons and reactive thermal conductivity

kca Thermal conductivity of cathode materials
→n Unit vector of the cathode surface (pointing 

to the cathode side)
na, ni Plasma atom/ion number density

 n n,e,saha a,saha Number densities of the electrons and the 
neutral atoms under conditions of 2T Saha 
equilibrium

n ni,  Ion density at the sheath edge
∞ni,  Ion density at the interface between the 

ioniz ation layer and the thermal perturba-
tion layer

n np,  Density of plasma electrons at the sheath 
edge

me, mi, mh Electron/ion/heavy particle mass
p Pressure of the gas
Qea Collision cross section  between electrons 

and atoms
Qei Collision cross section  between electrons 

and ions
qbd Energy flux delivered to the cathode surface 

by back-diffusion plasma electrons
qem Losses of energy due to thermionic emission
qi Energy flux delivered to the cathode surface 

by ions
qp Energy flux transported to electrons
qrad Thermal radiation energy loss from cathode 

surface
qtot Total heating flux to cathode surface
Se Electron energy equation source term
Tca Cathode temperature
Te Electron temperature
Th Heavy particle temperature
Uarc Arc discharge voltage
Ur Net volumetric rate of radiation loss
Ui Voltage drop in the ionization layer
Ud Voltage drop in the space-charge sheath
Utot Voltage drop of the near-cathode layer
→
V  Mass-averaged velocity vector
Wi, We Work of the electric field over ions and  

electrons in the ionization layer

Greek letters 

     α β µ η η, , , ,c 0,τ Dimensionless variable for the sheath/
ioniz ation layer theory

σ Electric conductivity
ε0 Dielectric constant
ε Emissivity of the cathode surface
ξ0 Permeability of vacuum
→
Γe Plasma electron flux
ρ Mass density
→τ Viscous stress tensor for Newtonian fluid
µe Electron mobility
υB Bohm velocity
υea Average collision frequency between  

electrons and atoms

υei Average collision frequency between  
electrons and ions

ϕ Electric potential field

Subsrcipt 

a Atom
amb Ambipolar
bd Back diffusion
c, ca Cathode
e Electron
em Thermal emission
h Heavy paticle
i Ion
s Sheath

1. Introduction

Unified modeling for arc plasmas and a thermionic cathode at 
high-pressure has long been the subject of extensive studies, 
thanks to the increasing power of computers. The exper imental 
difficulties of using arc plasmas in the near-electrode region is 
obvious, due to the sharp change in plasma state over a very 
small distance [1–6]. Successful near-anode region modeling 
and experiments have been carried out by Tanaka, Ushio and 
coworkers [7–11], and Dinulescu [12]. On the other hand it has 
been found [13] that the near-cathode region involves highly 
non-linear multi-field coupling, which makes the complete 
simulation of arc–cathode interactions quite a time-consuming 
job. Thus, the near-cathode layer is not generally taken into 
account in many models, in which case one may just impose 
an arbitrary current density profile at the cathode surface [14]. 
Nevertheless, it is essential to develop a unified arc–cathode 
model for the following reasons. Experimental results have 
shown that there is evident arc–cathode interaction, which 
affects the configurations of the arc cathodic root as well as 
the arc column [15]. This is very useful for researching prac-
tical applications in controlling the arc column configura-
tions and cathodic root configurations [16, 17], such as a 
magn etically dispersed arc plasma [18, 19], diffuse cathodic 
root [20], etc. To research arc discharge phenomena using a 
thermionic cathode, a model including the electrodes, the near-
electrode layer and the arc column was successfully attempted 
by Lowke, Sansonnes and coworkers [21–24], Benilov, Li and 
coworkers [25, 26], Murphy, Schnick and coworkers [27–31].

Different models of plasma–cathode interaction in high-
pressure arc discharges are systematized in [32]. To the 
authors’ knowledge, the near-cathode layer can be treated as 
a region either dependent or independent of bulk plasma. In 
Lowke’s work, the 2D non-equilibrium layer coupled with 
plasma was assumed to be in the local thermodynamic equi-
librium state, except that effective thermal and electrical con-
ductivities are calculated for the first mesh cells adjacent to 
the cathode surface [22]. The space charge layer was neglected 
and a 2D ionization layer was applied. In some cases of simu-
lation [21, 22], the cathode surface temperatures seem to be in 
good agreement with the experimental data. However, the no-
sheath approach physically conflicts with experimental facts 
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[25]: in low-current arcs ( ⩽I 10 A), the values of cathode fall 
are in the range of 10–50 V; in high-current arcs (I  =  50–500 
A), the cathode fall is around 4–10 V. Thus for a further study 
on the interaction between the arc and the cathode, a sheath-
accounted approach is required. Simulations from [33] devel-
oped a novel non-equilibrium model of a DC electric arc, with 
space-charge sheaths adjacent to the electrodes. Represented 
by the theory of Benilov [34], those models involve both 
the sheath and ioniz ation layer in a 1D description [25, 26, 
34–43]. The modeling, which decouples the cathode from the 
plasma column, was first suggested by Bade and Yos [44] and 
Neumann [45], and then developed by Benilov [34, 38–40] and 
other researchers [3, 4, 35–37, 44–47]. These above-mentioned 
models included the sheath but approximately assume that the 
ion current fraction in the total current does not vary much 
under different arc column conditions. In addition, the energy 
balance of the near-cathode layer is assumed to be independent 
of the arc column. In high-pressure low-cur rent situations (e 
g. high intensity discharge (HID) lamp discharge), this kind 
of theory is proved successfully compared to the experimental 
measurements [3, 4, 39, 46], and hence is widely accepted. Li, 
Benilov and coworkers [25, 26] tried to introduce the sheath-
accounted model [39] to the high-cur rent arc situation and 
prove the primary importance of near-cathode sheaths.

The basic assumptions of the decoupling method and 
the coupling method deviate greatly from each other. Until 
now, there has been no adequate strong proof for neglecting 
the influence of bulk plasma on the cathode arc attachment 
for high-pressure high-current arc discharges, e.g. cutting, 
welding or waste treatment. Plasma flow due to a strong 
magn etic field at the cathode root (the Maecker effect) could 
be important at high arc currents, for example, the arc root 
could shrink towards its tip under an external magnetic field 
[16]. The cathode arc attachment was shown to be greatly 
influenced by the plasma flowing in rotating arc simulation 
[15]. Further work is required to clarify whether the decou-
pling method is appropriate for high-current arc modeling.

Therefore in this paper, for the purpose of examining the 
thermal and electrical influence of bulk plasma on cathode 
heating, we present a two temperate arc column model cou-
pled with 1D near-cathode layer modeling, which is devel-
oped from previous work [48]. The modeling and calculation 
method in this paper is basically same as a previous work 
[48]; however, there are several small modifications (such as 
the expression of electron enthalpy), and, most importantly, 
the electrical influence from bulk plasma on the near-cathode 
layer is not included in the calculation of [48]. The conduction 
heating flux is included in the electron energy balance equa-
tion of the ionization layer. To achieve a more accurate result, a 
thin thermal perturbation layer is taken into account, which is 
in both a chemical and thermodynamic non-equilibrium state. 
The thermal perturbation layer is defined as a layer in which 
electron thermal conduction and heating of the electrons by 
an ambipolar electric field are comparable to electron energy 
exchange in collisions with heavy particles [34, 49]. The arc 
model considers a tungsten rod cathode and a flat anode.

In the second part of this paper, detailed descriptions of 
the theory are presented. We give the descriptions of the case 

geometry and then a summary of the basic assumptions, the 
equations and boundary conditions.

In the third part, the general results of arc discharge, as 
current density distributions on the cathode tip, sheath voltage 
drop and the energy fluxes are presented.

In the last part, the summary of the main conclusions con-
cerning the arc–cathode interaction will be presented.

2. Description of the numerical model

2.1. Concept of the coupling method

The concept of the modeling structure is illustrated in figure 1. 
Ui and Ud represent the voltage drop in the ioniz ation layer/
sheath layer; Uarc represents the whole arc discharge voltage; Ucl 
represents bulk plasma voltage drop. In our previous work, the 
electrical influence from the bulk plasma on the near-cathode 
layer was not included in the calculation [48] (this means 
+U Ui d is uniform in the cathode arc attachemnt), however in 

our present work = + +U U U Uarc d i cl is assumed to be uniform, 
giving a certain total current. The idea that Ohm’s law should 
be included in the near-cathode layer modeling, which leads 
to cathode voltage drop variation along the cathode surface, is 
not new. This idea has been developed in a series of works by 
Nemchinsky [3, 46, 50–53]. The basic assumptions for each 
layer introduced are summarized in table 1. The plasma region 
in front of the hot cathode is divided into three subzones [49, 
54]: a space-charge sheath, an ionization layer, and a layer of 
thermal perturbation (or thermal relaxation). The thermal per-
turbation layer is established for the purpose of introducing the 
arc column’s influence on the near-cathode layer. This layer is 
assumed to be a thin layer with length µ200 m, between the 
near-cathode layer and the arc column. Alternatively, one can 
take this layer as a part of the arc column. The basic assump-
tions taken for the thermal perturbation layer are summarized 
as follows: (a) the layer is in the thermal non-equilibrium and 
chemical non-equilibrium state; (b) the layer is a flow-affected 
2D region; (c) the layer is supposed to be in a quasi-neutral 
state, which leads to an ambi-polar diffusion approximation for 
the calculation of electron number density.

As table  1 shows, these zones may be characterized by 
the following length scales, respectively: the length of elec-
tron energy relaxation λu; the ionization length λi; the Debye 
length  λD  [34]. The length of electron energy relaxation λu 
is defined as a length scale on which electron thermal con-
duction and heating of the electrons by the ambipolar electric 
field are comparable to electron energy exchange in collisions 
with heavy particles [34]; the ionization length λi represents 
a distance to the cathode surface in which deviations from 
ioniz ation equilibrium are validated.

The typical modeling of plasma boundary layer of high 
intensity discharge (HID) cathodes [47], maintains that the 
cathodic plasma boundary layer in front of a thermionically 
emitting cathode is independent of the bulk plasma. Following 
this idea the current transfer and power flux density across the 
boundary layer is locally 1D and governed by local values of 
the cathode temperature Tca and of the voltage Utot applied to 
the ionization layer and the sheath [34]:

Plasma Sources Sci. Technol. 26 (2017) 025002
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(   ) = − +j T U j j j,s e tot i bd em (1)

= − − + δ −⎜ ⎟
⎛
⎝

⎞
⎠q T U j U A

k T

e
q, 2.5 0.7tot e tot s tot eff

B e
rad(   ) ( )

 (2)
where jem is the density of the thermionic emission cur-
rent, ji is the density of the electric current delivered to the 
cathode surface by ions, jbd is the density of the electric cur-
rent from the cathode to the plasma transported by back- 
diffusion plasma electrons, Aeff is the effective work function 
of the electrode materials, Te is the local electron temperature, 

ε=q aTrad ca
4  represents the radiation energy losses (ε, emis-

sivity of the cathode surface; a, Stefan–Boltzmann constant), 
and δ is a correction term proportional to the ionization degree 

δ =
+
n

n n
e

i a
, which has to be added to the electron enthalpy 

flow in the case of a high degree of ionization [47]. The total 
voltage drop of the near-cathode layer =U Utot d  +  Ui.

As is known, for decoupled modeling the contribution of 
heat conduction to the electron power balance of the boundary 
layer is neglected. In this work, thermal conduction heating by 
heavy/electron particles is evaluated using    

→ →= − ∇ ⋅q k T nhc h h  
and 

→ →= − ∇ ⋅q k T nec e e . Here, →n represents the unit vector of the 
boundary surface (pointing to the cathode side). The expres-
sions for the cathode heating flux components are [34, 39, 40]: 

  ( )

  ( )    ( )

= + − +

= + = − +

q
j

e
eU E A W

q
j

e
k T A q

j

e
k T A

;

2 ; 2

i
i

s i eff i

bd
bd

B e eff em
em

B ca eff
  

where qi and qbd are the densities of energy fluxes delivered 
to the cathode surface by ions and by back-diffusion plasma 
electrons, qem is the density of losses of energy by the cathode 
surface due to thermionic emission, and Ei is the ionization 
energy for argon gas.

Thus equation (2) is rewritten as:

( )

→ → → →

δ= − − +

− − ∇ ⋅ − ∇ ⋅

⎜ ⎟
⎛
⎝

⎞
⎠q j U A

k T

e

q k T n k T n

2.5 0.7tot s tot eff
B e

rad e e h h
 

(3)

and the electron energy balance equation in ionization layer 
is rewritten as:

( )

( ) ( )

→ → → →

δ

+ −∆ + + ∇ ⋅ + ∇ ⋅

+ + = + −∆ +

j

e
k T eU A E

j

e
k T n k T n

k T

e
j

j

e
k T eU A W

2

2.5 0.7 2

bd
B e s i

i
e e h h

B e
s

em
B ca s e

 (4)
where  We  [39] is the work of the electric field over elec-

trons, = −W j U j U0.5e s i i i, following [38, 39]. ∆ =
πε

A e E

4

3
c

0
 

is the Schottky correction to the work function. Note that  
[38, 39] did not include ∆A in the electron energy balance 
while other simulations such as [47] did. Though the results 
with and without the ∆A term (in equation (4)) are virtually 
the same, we suggest in future that the related simulation does 
not include the ∆A term, because the equation with the ∆A 
term implies that there is a cathode voltage drop with a zero 
electric field at the cathode surface, which is not physically 
acceptable.

Therefore the total energy flux transported to electrons 
qp, at the near-cathode layer boundary is evaluated as (using 
equation (4)):

δ= ∇ ⋅ + +

= + −∆ + − + −∆ −

q k T n k T j

j

e
k T eU A W

j

e
k T eU A E

j

e

2.5 0.7

2 2 .

p e e B e s

em
B ca s e

bd
B e s i

i

( )

( ) ( )

→ →

 (5)
The detailed expressions for each component of current 

density are given in appendix A.

2.2. Conservation equations

2.2.1. Arc column and thermal perturbation region. In this 
work, the arc column is of the axisymmetrical two-temper-
ature type. Therefore the energy equations are general in both 
the arc column and the thermal perturbation region.

Continuity equation:

( )
→ →
ρ∇ ⋅ =V 0. (6)

Momentum conservation equation:

( ) ( )
→ → → → → → → →

ρ τ⋅ ∇ = ∇ ⋅ − + + ×V V pI j B. (7)

Here 
→
V , ρ and p are the mass-averaged velocity, density 

and pressure of the gas, respectively, 
→
I  is the identity matrix, 

→τ denotes the viscous stress tensor for Newtonian fluid, and 
→
j  

and 
→
B are the current density and magnetic field.

The heavy particle energy conservation equation is:

Table 1. The basic assumptions.

Dimension assumptions

1 Sheath ~ 0.1 mDλ µ , 1D ≠ ≠n n T T, collisionless,e i e i

2 Ionization 
layer

iλ  ~ 10 mµ , 1D = ≠n n T T,e i e i

3 Thermal  
perturbation 
layer

~ 200 muλ µ , 2D n n T T,e i e i = ≠ ,  
flow-affected

4 Arc column l ~ 5 mm, 2D n n n T T,e i saha e i = = ≠

Figure 1. Schematic diagram of the coupled modeling.
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( ) ( )
→ → →⎡

⎣⎢
⎤
⎦⎥∇ ⋅ − + + ∇ + + =k k k T n n k T V E

5

2
˙ .a i r h a i B h el (8)

The electron energy conservation equations [26]:

→ → → →
⎜ ⎟

⎛
⎝
⎜

⎛
⎝

⎞
⎠

⎞
⎠
⎟δ∇ ⋅ − ∇ + + Γ + = − +k T k T n E V E S

5

2
0.7 ˙e e B e e i i el e

 (9)

→ →
= ⋅ −S j E Ue r (10)

( ) ( )υ υ= + −E
m

m
n k T T˙ 2 3

2
el

e

h
ea ei e B e h (11)

where Th, Te, ka, ki, kr, and ke represent the heavy particle 
temperature, electron temperature, thermal conductivity of 
atoms, thermal conductivity of ions, reactive thermal conduc-
tivity, and thermal conductivity of electrons, respectively. The 
thermal conductivity for the heavy particle energy equation is 
= + +k k k ka i r. Ėel is the energy transferred in elastic col-

lisions between electrons and heavy particles, which can be 
expressed as equation (11) shows. In particular, the electron 

flux 
→
Γe is set to 

→ →

−n V j

ee  in the arc column region. Se, Ur, υea, 

and υei represent the electron energy equation source term, net 
volumetric rate of radiation loss, average collision frequency 
between electrons and atoms, and average collision frequency 
between electrons and ions.

υ = C n Qea e a ea (12)

υ = C n Qei e i ei (13)

π
=C

k T

m

8
e

B e

e
 (14)

where Ce, Qea, Qei, na, ni, kB, and me represent the average 
thermal speed of electrons, collision cross section  between 
electrons and atoms, collision cross section  between elec-
trons and ions, atom number density, ion number density, 
Boltzmann constant and the electron mass, respectively.

The electric potential and magnetic vector potential 
equations are:

( )
→ → →

σ ϕ∇ ⋅ − ∇ + ∇ =eD n 0e e (15)

ξ∇ = −A j
2

0
→ → →

 (16)

 
→ → → → → →

σ ϕ= ∇× = − ∇ + ∇B A j eD n, e e (17)

where σ represents the electric conductivity, and ξ0 is the per-
meability of vacuum. The electric potential and magnetic vector 
potential equations are solved in the arc column region, ioniz-
ation layer and cathode region. The second right-hand term of 
→
j , 

→
∇eD ne e is only calculated in the thermal perturbation layer. 

De, the electron diffusion coefficient, is evaluated as σ k T

n e
B e

e
.

2.2.2. Ion/electron particle flux in the thermal perturbation 
layer. In the arc column, electrons and the neutral atoms are 
evaluated under conditions of 2T Saha equilibrium. In the 

Table 2. Boundary conditions.

Boundary Te Th P V
→

ϕ A
→

ni

E–F 1000 K 300 K — 0
n

ϕ∂
∂

  =  0 A

n

∂
∂

→

  =  0
—

D–E T

n
e∂
∂

  =  0  

(if backflow: 1000 K)

T

n
h∂
∂

  =  0  

(if backflow: 1000 K)

P

n

∂
∂

  =  0 V

n

∂
∂

→

  =  0 n

ϕ∂
∂

  =  0 A

n

∂
∂

→

  =  0
—

C–D Flux  =  0 1000 K — 0 ϕ  =  0 A

n

∂
∂

→

  =  0
—

B–G–F Flux  =  qp T Th ca=  — 0 j js= −  (plasma side) 
j js=  (cathode side)

coupled Flux ni B= − υ  

A–F — 300 K — — ϕ  =  0 A

n

∂
∂

→

  =  0
—

Figure 2. Schematic view of the computational domain.
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thermal perturbation layer, based on the assumptions mentioned 
in section 2.1, we apply the drift-diffusion approx imation; the 
electron flux reads:  

→ → → →
µΓ = − ∇ − +D n n E n Ve e e e e e  [55]. In 

our 2D thermal perturbation layer, the quasi-neutrality state of 
the plasma is assumed, and primary ions/electrons and atoms 
are taken into account. Then, the electron and ion flux can be 

calculated approximately as: 
→ → → →

Γ = − ∇ + −D n n V j

ee amb e e  and 
→ → →
Γ = − ∇ +D n n Vi amb i i . This leads to the solution of the ambi-
polar diffusion equation:

( )
→ → →
∇ ⋅ − ∇ + =D n n V ṅ .i iamb i (18)

The net ionization rate is ( )α= −n Gn n n˙i re e a e
3 , G is the 

Saha function /=G n ne,saha
2

a,saha,    n nande,saha a,saha are, respec-
tively, the number densities of the electrons and the neutral 
atoms under conditions of 2T Saha equilibrium, the three-
body recombination coefficient αre is taken from [21], the 
ambipolar diffusion coefficient Damb is calculated from the 
method of [56], and σ in the thermal perturbation layer is 

expressed as: σ σ≈ = e n

m ve
2

e

e e
, where the electron collision fre-

quency υ υ= +ve ea ei.

2.2.3. Cathode body. Heat transfer equation is solved in the 
cathode body and reads:

( )
→ → → →
∇ ⋅ − ∇ = ⋅k T j Eca ca (19)

where kca represent the thermal conductivity of cathode mat-
erials, and Tca is the cathode temperature.

In the cathode body the electric potential and magnetic 
vector potential equations are same as those given in 2.2.1

2.3. Calculation domain and boundary conditions

In this study, the free burning argon arc configuration is sim-
plified as schematically shown in figure  2. A dc argon arc 
burns between a pure tungsten rod cathode and a flat anode. 
The diameter of the cathode is 12 mm, while the length of 
it is 10 mm, which corresponds to the literature [38]. The 
boundary conditions of the primary variables are summarized 
in table 2. At the axis of symmetry (A–B–C) of the domain, 
the axial symmetric conditions are employed. E–F is the 
wall, where a uniform temperature (Th  =  300 K, Te  =  1000 K) 
is assumed. At A–F, the cathode bottom, the electric potential 
is set to be zero and the temperature is assumed to be uniform 
(300 K) as previous work [38] did. C–D is the anode bottom, 
where the temperature is set to be 1000 K and the electric 
potential is set to be zero. At the outlet D–E, a zero gradient 
of each primary variable is imposed with a backflow gas of a 
constant temperature (1000 K). Though at outlet some simu-

lations [14, 57] introduce conditions of =∂
∂

0T

n
e  in spite of 

backflow, the differences are small and limited in the near-

outlet area.
At B–G–F, the plasma/cathode interface, there are in fact 

two interfaces. One is the interface between the cathode and 
sheath: the normal component of the electric current density 
is continuous; the heating flux to cathode is set as qtot; the 

heavy-particle temperature equals the cathode surface temper-
ature. The other one is the interface between the ionization layer 
and the thermal perturbation layer: for the electron energy equa-
tion, a heating flux of: ( )

→ → δ= ∇ ⋅ + + =q k T n k T j2.5 0.7p e e B e s

+ −∆ + − + −∆ −k T eU A W k T eU A E2 2
j

e

j

e

j

eB ca s e B e s i
em bd i( ) ( )  

is applied (derived from equation  (5)); following works  
[26, 57], the heavy-particle temperatures and the normal 
component of the electric current density are continuous. 
Bohm’s criterion (υB is the Bohm velocity, see equation (A.2) 
in appendix A) is adopted for the sheath/ionization layer 
boundary, which is explained in appendix A. The boundary 

condition =∂
∂

0n

n
i  is used for the ion density calculation (2D) 

on the bulk plasma side, because we assume that the ion dif-
fusion flux towards the cathode surface is majorly influenced 
by the ionization layer ion number density gradient (which is 
treated as 1D), and calculated using the equations from [34].

3. Results and discussions

Governing equations are solved in FLUENT software using 
the SIMPLE algorithm. The transport properties of argon 
were calculated by Zhang [58].

3.1. Heating of the thermionic cathode

In the present work, two stable modes of solution (diffuse 
mode and spot mode) are obtained for arc currents 50–600 A. 
The two different types of cathode modes (diffuse and spot) 
were first obtained in [59]. Radial variation of the cathode 
voltage drop was also taken into account in this work and 
the following ones [3, 46, 50–53]. The two different modes 
are obtained from different initial conditions. In the calcul-
ation, the cathode arc attachment in the spot mode is lim-

ited in S  <  6 mm and when S  >  6 mm we introduce ∂
∂
T

n
e  =  0 

as the boundary condition for the electron energy equation. 
The cathode surface temperature/electron temperature along 
B–G–F is illustrated in figure 3 for I  =  50 A, 200 A, 400 A. 
In figure 3, ‘S’ represents the distance from the center of the 
cathode head measured along the generatrix. The maximum 
cathode temperature appears in the cathode head fringe (G) 
for diffuse mode and in cathode head center (B) for the spot 
mode, where the total current density also reaches its max-
imum (figures 4 and 5). The maxium value of the cathode 
temperature reaches 3940 K, 3961 K, 3973 K for arc current 
50 A, 200 A, 400 A in spot mode, and 3367 K, 3668 K, 3794 K 
in diffuse mode. The electron temperature in the diffuse mode 
is much lower than that in the spot mode. The maxium value 
of electron temperature reaches 30 499 K, 31 117 K, 33 007 K 
for arc current 50 A, 200 A, 400 A in spot mode and 18 934 K, 
19 608 K, 17 944 K in diffuse mode. However, it has been 
reported in previous numerical work [38, 39] that the spot 
mode of an arc discharge has two branches: there exists a solu-
tion of the spot mode in which both the center and fringe of 
the cathode head has a temperature peak. The present work 
could not obtain a stable second spot mode of the arc dis-
charge; this is caused by a numerical problem, because, as 
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indicated in paper [60], a discharge mode can join another 
mode or turn back, but not terminate suddenly.

Distributions of total current density js and its components 
(ion current density ji, electron back diffusion current density 
jbd and electron thermal emission current density jem) along 
the cathode surface B–G–F, are plotted in figures 4 and 5 for 
I  =  400 A. The maximum of the total current density is equal 
to × −1.31 10 A m7 2 and × −4.34 10 A m7 2 for the diffuse mode 
and spot mode, respectively. The maximum of the ion current 
density is equal to × −4.85 10 A m6 2 and × −9.87 10 A m6 2  
for the diffuse mode and spot mode, respectively. As shown  
in figures 4 and 5, for the diffuse mode the electron back diffu-
sion current is negligible in most areas; for the spot mode, the 
electron back diffusion current is about half of the ion current 
density. Thus we can approximately suppose ≈ +j j jtot em i for 
the diffuse mode.

The total heating flux to cathode surface (qtot) and its comp-
onents (the densities of energy fluxes delivered to the cathode 
surface by ions qi, by back-diffusion plasma electrons qbd, by 
emission electrons qem, and by radiation qrad) along the cathode 
surface are shown in figures 6 and 7, for I  =  400 A. The max-
imum of the total heating flux is equal to × −9.64 10 W m7 2 
and × −2.07 10 W m8 2 for the diffuse mode and spot mode, 
respectively. The maximum of its ion heating component is 
equal to × −1.53 10 W m8 2 and × −3.04 10 W m8 2 for the dif-
fuse mode and spot mode, respectively. For the diffuse mode, 
the maximum value of each heating flux is located at the 

fringe of the cathode head, where the temeprature and cur-
rent density also reach a maximum. However, for the spot 
mode the maximum value of the total heating flux is located 
at S  =  1.75 mm, while the maximum temperature appears in 
the center of the cathode. As figures 6 and 7 show, the electron 
thermal emission has a much more obvious cooling effect on 
the cathode than thermal radiation; The plasma back-diffusion 
electron heating is nearly zero in the diffuse mode, but never-
theless has quite an important role in the spot mode of the arc 
discharge.

The calculations of  q q,bd em, qi and qrad are the same as 
the decoupled method of Benilov [39], however in the present 
work thermal condution from the plasma is taken into account 
and the contribution of the thermal conduction part is shown 
in section 3.2 for the convenience of discussion and reading.

3.2. Thermal influence from the bulk plasma

The typical ‘decoupled’ methods of cathode heating modeling 
[34, 37, 47] assume that the influence of the bulk plasma on 
the boundary layer can be neglected. However in this paper, 
the density of the net energy flux to the cathode surface gener-
ated in the near-cathode region is evaluated considering the 
influence of thermal conduction from bulk plasma. The den-
sities of energy fluxes due to heat conduction of heavy par-
ticles (qhc), electrons (qec) and the electron enthalpy transport 
(qenthalpy) are plotted in figures 8 and 9 for I  =  50 A and fig-
ures 10 and 11 for I  =  400 A. The expressions of each energy 
flux component are:  

→ →= − ∇ ⋅q k T nhc h h ; 
→ →= − ∇ ⋅q k T nec e e ; 

( )δ= +q j2.5 0.7 k T

eenthalpy s
B e .

For I  =  50 A, the maximum absolute value of qtot, qhc 
and qec reaches × −2.08 10 W m8 2, × −6.26 10 W m7 2 and 
× −1.66 10 W m8 2 in dffuse mode, and × −5.93 10 W m8 2, 
× −9.61 10 W m7 2 and × −1.02 10 W m9 2 in spot mode, respec-

tively. For I  =  400 A, the maximum absolute value of qtot, qhc 
and qec reaches × −9.67 10 W m7 2, × −8.80 10 W m7 2 and  
× −1.31 10 W m8 2 in dffuse mode, and × −2.07 10 W m8 2,  
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400A
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400A

Spot
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Figure 3. Cathode surface temperature/electron temperature 
distribution along B–G–F, for different arc currents: I  =  50 A, 200 
A, 400 A.
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Figure 4. Distributions of total current density js and its 
components (ion current density ji, electron back diffusion current 
density jbd and electron thermal emission current density jem) along 
the cathode surface B–G–F: diffuse mode, I  =  400 A.
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× −9.76 10 W m7 2 and × −1.70 10 W m8 2 in spot mode, 
respectively.

Therefore as figures 8–11 show, no matter whether in a low 
current (50 A) or a high current (400 A) situation, the energy 
fluxes due to heat conduction of heavy particles and electrons 
are not negligible ones. Nor is the sum of them. This conclusion 
is in agreement with simulations from [32]. The thermal condu-
tion from the bulk plasma is as important as the electron enthalpy 
transport. At the same time the figures indicate that a substantial 
part of the electric power generated in the near-cathode layer is 
transported to the the arc column (equals −q qenthalpy ec), which 
is also justified in decoupled numerical calculations [26].

3.3. Electrical influence from bulk plasma

As mentioned in the introduction, decoupled modeling of 
cathode heating also assumes that the voltage dop of the near-
cathode layer (Utot  =  +U Ui d) is uniform in the whole arc root 
attachment [25]. This assumption stands on the condition 
that the voltage drop of the bulk plasma does not vary much 
around the arc root attachment. In figures 12–15 each voltage 
drop distribution is illustrated along the cathode surface for 
I  =  50 A, 400 A: Ud represents the sheath layer voltage drop; 
Ui represents the ionization layer voltage drop; Ucl represents 
bulk plasma voltage drop, i.e. the absolute value of the plasma 
potential; Utot is the near-cathode layer voltage drop, which 
equals the sum of Ui and Ud.

For the low current (50 A) situation, the variation of the 
bulk plasma voltage drop is very limited (~0.3 V) in the diffuse 
mode and a small value (~4 V) in the spot mode. Considering 
the fact that the voltage drop of the near-cathode layer Utot is 
as large as ~50 V, we can approximately suppose that Utot is 
uniform in the whole arc root attachment. However, for the 
high current (400 A) situation, the variation in the bulk plasma 
voltage drop reaches ~1.8 V in the diffuse mode and ~7 V 
in the spot mode. Therefore, it is physically inappropriate to 
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Figure 5. Distributions of total current density js and its components along cathode surface B–G–F: spot mode, I  =  400 A.
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Figure 6. Distributions of the total heating flux to cathode surface 
(qtot) and its components (the densities of energy fluxes delivered to 
the cathode surface by ions qi, by back-diffusion plasma electrons 
qbd, by emission electrons qem, and by radiation qrad) along the 
cathode surface B–G–F: diffuse mode, I  =  400 A.
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Figure 7. Distributions of the total heating flux to cathode surface 
(qtot) and its components along the cathode surface B–G–F: spot 
mode, I  =  400 A.
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neglect the electrical influence from the bulk plasma for high 
current arc discharge in the spot mode.

The calculated voltage–current curves are plotted in 
figure  16 for I  =  50–600 A, compared with the result from 

the decoupled method [38]. For a certain current, the near-
cathode layer voltage drop is not uniform along the cathode 
surface in the present work. Thus the voltage drops given 
in figure  16 represent the minimum value of Utot  =  +U Ui d 
(where Ucl reaches the maximum) for a certain total current. 
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Figure 8. Distributions of the energy flux densities along the 
cathode surface B–G–F for arc current I  =  50 A, diffuse mode; 
qhc, qec and qenthalpy   represent the densities of the energy fluxes due 
to heat conduction of heavy particles, electrons and the electron 
enthalpy transport; qtot represents the total heating flux to the 
cathode surface.
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Figure 9. Distributions of the energy flux densities along the 
cathode surface B–G for arc current I  =  50 A, spot mode.
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Figure 10. Distributions of the energy flux densities along the 
cathode surface B–G–F for arc current I  =  400 A, diffuse mode.
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Figure 11. Distributions of the energy flux densities along the 
cathode surface B–G for arc current I  =  400 A, spot mode.
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represents the ionization layer voltage drop;Ucl represents bulk 
plasma voltage drop; Utot is the sum of Ui and Ud.
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I  =  50 A.
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Utot is larger in the diffuse mode than in the spot mode for the 
same current in this work. However, in Benilov’s work, the 
result is just the opposite, except for a small range of high cur-
rent. As figure 16 shows, the near-cathode layer voltage drop 
decreases with the increase of the total current. On the other 
hand the maximum bulk plasma voltage drop increases with 

the increase of the total current [25]. Therefore we can specu-
late that the uniform Utot assumption of the decoupled method 
should be more physically unrealistic with higher total current 
in the spot mode.

4. Conclusions

An atmospheric free-burning arc in argon is studied, using 
the code developed on the basis of a commercial CFD code 
FLUENT. In this paper the numerical model is based on a pre-
vious one [48], which calculates the argon arc simultaneously 
with the cathode body. The near-cathode layer modeling is 
coupled with the arc column modeling through setting a trans-
itional layer in the 2D description between them. The arc gap 
between the cathode and anode is set to 5 mm. The total cur-
rent is set to 50–600 A. Results are given for a pure tungsten 
rod cathode of 10 mm length and 6 mm radius.

 (a) The thermal emission electrons cools the cathode surface, 
while the ion flux and back-diffusion plasma electrons 
heat it.

 (b) At the cathode surface, the energy fluxes due to the heat 
conduction of heavy particles and electrons are compa-
rable to the total heating flux, no matter wether the arc 
discharge is performed in a high (400 A) or low current 
(50 A) situation.

 (c) Electrical influence from the bulk plasma on the cathode 
heating modeling becomes essential in the high current 
situation (>400 A) for the spot mode.

 (d) The near-cathode layer voltage drop (Utot) curves are 
similar to those of the decoupled method. However, Utot 
is larger in the diffuse mode than in the spot mode for the 
same current in this work, which is contrary to the results 
of decoupled modeling.

The results obtained are promising, which indicates that 
the coupled method of arc modeling differs significantly from 
the decoupled one. We plan now to work in the following 
direction: the use of the model in other cathode configurations 
and in 3D transient state assumption.
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Appendix A. Sheath and ionization layer

In this section a summary is given of equations describing the 
near-cathode layer of the plasma. The near-cathode plasma 
layer comprises two sub-layers: a space-charge sheath, which 
is adjacent to the cathode surface, and an ionization layer, 
which is adjacent to the sheath.
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Figure 14. Voltage drop along the cathode surface B–G–F, diffuse 
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The space-charge sheath is considered as collisionless for 
ions. In the sheath, the ions moving to the cathode and elec-
trons emitted from the cathode are accelerated. The emitted 
electron flux is found to have an upper limit [61, 62], and the 
initial energy of the positive ions at their entry plane is found 
to depend on the emitted electrons.

The ion current flux to the cathode is generated in the 
ioniz ation layer [63], which is evaluated as:

= υj en ni i, B (A.1)

where υB represents the initial energy of the positive ions at 
their entry plane of the sheath:

( ) ( )υ µ η τ η τ= − + + +− −
−⎧

⎨
⎩

⎡
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i
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(A.2)
n ni,  represents the ion density at the sheath edge:

α β

α β α β
=

+

+ + + +∞

n

n

C

C C

1

2 1 1

ni,

i,

2

2 2
2

 (A.3)

∞ni,  is evaluated using the Saha equation for Te, Th, and pres-
sure p (1 atm in this paper) at the interface between ionization 
layer and thermal perturbation layer. The detailed definitions 
and calculations of dimensionless coefficients C2, α and β 
are given in Benilov’s theory of the ionization layer [56, 63]. 
In addition the detailed definitions and calculations for the 
dimensionless variables  µ η, c, iem and τ are given in the sheath 
theory for hot cathodes [61, 62].

The current flux of plasma electrons, which come to the 
cathode surface from the ionization layer after having over-
come the retarding electric field in the space-charge sheath, is:

/⎛
⎝
⎜
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π
= −j en
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B e

e

1 2
d
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 (A.4)

where ( ) ( )= − + −n n m eU k T2 2n n
j

ep, i, e
1
2 d B ca

em 1
2, represents the 

density of plasma electrons at the sheath edge. Ud represents 
the sheath voltage drop.

The electron emission current flux from the cathode sur-
face by means of the Richardson–Schottky formula reads:

⎛
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 (A.5)

where ∆ =
πε

A e E

4

3
c

0
 is the Schottky correction to A, the work 

function for the thermionic emission of the electrode surface. 
Ec, i.e. the electric field at the cathode surface, is obtained by 
solving Poisson’s equation in the sheath zone [61]:
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(A.6)

ε0 is the dielectric constant, and η0 is a dimensionless variable 
[61].

In the solution process, if the right-hand side of equa-
tion (6) is smaller than zero, jem is evaluated as:
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(A.7)
The voltage drop in the ionization layer Ui and the sheath 

voltage drop Ud are evaluated as:

 = = −∞U
k T

e

n

n
U U Uln , .

n
i

B e i,

i,
d tot i (A.8)

Here Utot is the given total voltage drop.
One can see that the near-cathode layer description in this paper 

mainly combines the ionization layer theory of Benilov [56, 63] 
and the hot cathode theory of Askari et al [61, 62]. Benilov also 
developed a double sheath theory [34, 64] in which the electron 
emission does not influence the sheath electric field. In Benilov’s 

theory, the Bohm velocity is evaluated as ( )υ = +k T T

m
B

B e h

i
,  

different from equation (2). This evaluation equals equation (2), 

when /T Te h is taken as +∞ and jem is taken as zero.

Appendix B. Comparison with experimental results

B.1. Case 1 

To apply and examine our coupling model (thermal perturba-
tion (TP)-sheath model), a typical free burning arc configura-
tion (thoriated tungsten cathode with a °60  conical tip, arc 
gap 5 mm) was chosen, which corresponds to the conditions 
of experiment [1] and is in agreement with previous studies 

Figure B1. A comparison of the predicted temperatures of the 
cathode surface with the experimental measurement of Haidar and 
Farmer [1]: thoriated tungsten cathode with a °60  conical tip, arc 
current I 100 A, 200 A, 300 A   = . z represents the axial distance 
from the cathode tip.
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[21, 22]. In the present model, the arc plasmas are divided 
into five regions: the solid cathode body, sheath, pre-sheath, 
arc column and the solid anode body. The anode sheath is 
neglected and the anode body is coupled with the arc column 
by setting a heat flux to the anode surface [21].

Figure B1 shows the comparison of calculated temper-
atures at the cathode surface and the experimental measure-
ments from the literature [1]. The electron temperature and 
heavy particle temperature of the arc column are plotted in 
figure B2, compared with experimental points of Haddad and 
Farmer [22]. It can be seen that the calculated temperatures 
for different arc cur rents (100 A, 200 A and 300 A) are all in 
good agreement with the experimental data. The comparison 
of calculated values and experimental data proved that our 
coupling model is practical.

B.2. Case 2 

The numerical simulations performed using the 2T-sheath 
model (a 2T bulk plasma in ionization equilibrium, with near-
cathode layer modeling including a space charge layer) under 
the conditions of the experiment in [5] were reported in [25]. 
In this work, the numerical simulations under the same con-
ditions are carried out by means of the TP-sheath mode. In 
addition, a comparison between the results of the two models 
is given in this section.

A sketch of the geometry is shown in figure B3. The cathode 
in the calculation domain is a cylinder made of tungsten with 
a hemispherical tip. The water-cooled anode is flat and made 
of copper. The bottom of the cathode and the outer part of 
the anode are considered to have an ambient temperature of 
300 K. The arc chamber is closed. The current performed in 
this work is in the range 20–200 A.

The predicted arc column voltage Uac, the near cathode layer 
voltage drop Ucl and the total arc voltage Uarc (Uarc  =  Uac  +  Ucl) 
calculated by means of the TP-sheath model and the 2T-sheath 
model are shown in figure B4. Experimental data of the arc 
voltage taken from [5] are also shown in figure B4. There are 
two forms of arc attachment in the experiment [5]: diffuse and 
contracted. However, the values of the arc voltage in the two 
forms do not differ significantly. Note that the values shown 
in figure  6 belong to the diffuse form. We can see that the 
values of the arc voltage first decrease with increasing current 
and then increase slightly in both the TP-sheath and 2T-sheath 
models, which is due to the decrease in the near cathode layer 
voltage drop and the increase in the voltage of the arc column 
with increasing current. These numerical results of the two 
models are not very different from each other and from the 

Figure B2. The predicted temperature contours for a 200 A arc compared with the experimental points of Haddad and Farmer [22].

Figure B3. The sketch of the geometry.
Figure B4. Uac

TP( ), Uac
2T  ( ): the arc column voltage predicted by, 

respectively, the TP-sheath model and the 2T-sheath model. Ucl
TP  ( ), 

Ucl
2T  ( ): the near cathode layer voltage drop predicted by the  

TP-sheath model and the 2T-sheath model. Uarc
TP( ), Uarc

2T  ( ): the total 
arc voltage predicted by the TP-sheath model and the 2T-sheath 
model. Uarc

exp  ( ): arc voltage measured by the experiment.
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experiment: the difference is below 2V at both low current and 
high current. The near cathode layer voltage drop calculated 
by the TP-sheath model is very similar to the one calculated 
by the 2T-sheath model. The values of the arc column voltage 
predicted by the two models are more different, especially in 
the case of lower currents. However, the difference does not 
exceed 2 V, even at low current.
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